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We present a general framework for the homogenisation theory of space-time metamaterials. By
mapping to a frame co-moving with the space-time modulation, we derive analytical formulae for
the effective material parameters for travelling wave modulations in the low frequency limit: electric
permittivity, magnetic permeability and magnetoelectric coupling. Remarkably, we show that the
theory is exact at all frequencies in the absence of back-reflections, and exact at low frequencies when
that condition is relaxed. This allows us to derive exact formulae for the Fresnel drag experienced
by light travelling through travelling-wave modulations of electromagnetic media.
I. INTRODUCTION
Enabled by the advent of new materials and techniques
to achieve fast and efficient dynamical modulation of ma-
terial parameters [1–3], the emergence of time as a new
degree of freedom for the design of metamaterials has re-
cently opened new and intriguing avenues for wave con-
trol [4]. Modulations of a material parameter in time,
as well as in space, enable frequency-momentum tran-
sitions [3, 5], non-reciprocal effects [6–13], compact pho-
tonic isolators and circulators without magnetic bias [14–
16], harmonic generation [17], unidirectional amplifica-
tion [18], topological phases [19–22] and multifunctional
non-reciprocal metasurfaces [23].
Periodic space-time modulations of the permittivity
and permeability in space and time following a travelling-
wave form,
(x, t) = (x− vt), µ(x, t) = µ(x− vt), (1)
have attracted much attention since early research [24–
26]. In these expressions, v stands for the modulation
speed, which, since we are concerned with modulations
and not with moving media, is not bounded by the speed
of light. Figure 1(a) shows a sketch of a sinusoidal space-
time modulations. The spatial, g, and temporal, Ω, mod-
ulation frequencies, determine the modulation speed as
v = Ω/g. Travelling wave modulations impose a linear
bias, breaking time-reversal symmetry and resulting in
non-symmetric high frequency band gaps, which can be
exploited for frequency-momentum transitions and non-
reciprocal devices (see Fig. 1c) [3, 8]. Recently, it has
been shown that the need for working at high (band-gap)
frequencies can be lifted and non-reciprocity emerges as
a linear broad-band phenomenon in luminal modulations
of the permittivity. Space-time modulations at speeds
approaching that of waves in a medium result in non-
reciprocal broadband amplification [18]. Interestingly,
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Figure 1. Space-time modulated metamaterials. (a,b)
Travelling-wave modulations of the electromagnetic param-
eters as seen from the laboratory frame (a, unprimed coor-
dinates) and from a frame co-moving with the modulations
(b, primed coordinates). (c) Sketch of a representative band
diagram of space-time modulated media: the bands are dis-
placed by the space-time reciprocal lattice vector (g, Ω). Non-
symmetric band gaps open in non impedance-matched sys-
tems. (d) In the long wavelength limit the response is non-
reciprocal only if both the permittivity and the permeability
are modulated in space and time.
nonreciprocity can be achieved in the long-wavelength
limit and even at zero frequency if both electromagnetic
parameters,  and µ, are modulated [10] (see Fig. 1d),
realising a synthetic, tunable form of Fresnel drag [12].
Despite the broad interest raised by space-time me-
dia, most of the theoretical tools employed for their
analysis are based on semi-analytical or numerical ap-
proaches, such as Floquet-Bloch theory [25, 26], trans-
fer matrix [27], finite element methods [28], or perturba-
tive Floquet-Bloch approaches [11, 12]. Here we present
the first analytical theory of space-time electromagnetic
metamaterials. By transforming Maxwell’s equations to
the frame co-moving with the modulation, we develop a
homogenisation theory, deriving closed-form expressions
to calculate the effective electromagnetic parameters of
space-time modulated media. This allows us to formu-
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2late an effective medium description, which, remarkably,
we show is exact at any frequency in the absence of back-
reflections, (that is, if the system is impedance-matched),
and in the metamaterial (long-wavelength) limit for the
impedance-mismatched case. We show that our analyt-
ical formalism can be applied to stratified or sinusoidal
travelling-wave modulations as long as a Bloch wave pic-
ture is valid, enabling the identification and characteriza-
tion of different regimes of non-reciprocity in spacetime-
modulated media.
II. HOMOGENISATION THEORY
The fields in space-time modulated media satisfy
Maxwell’s equations,
∇×E = −∂B
∂t
, ∇×H = ∂D
∂t
, (2)
and are related through the constitutive equations as fol-
lows,
D(x, y, z, t) = (x− vt)E(x, y, z, t), (3)
B(x, y, z, t) = µ(x− vt)H(x, y, z, t), (4)
where  and µ are deemed to include 0 and µ0, respec-
tively, which determine the speed of light in vacuum as
c0 = 1/
√
0µ0. We note that this represents the spatio-
temporal modulation along one direction of otherwise
isotropic but possibly inhomogeneous permittivity and
permeability. Here we assume the system is not disper-
sive although it is possible to generalize the theory to
include dispersion.
Let us now consider a Galilean transformation to a co-
moving frame (x′ = x − vt, y′ = y, z′ = z, t′ = t). We
have, for the parallel component of the fields,
D′|| =  (x′)E′||, B′|| = µ (x′)H′||, (5)
where the primed fields depend on the transformed co-
ordinates, (x′, y′, z′, t′). The perpendicular components
are transformed as (see S.M.),[
D′⊥
B′⊥
]
=
1
1− (x′)µ(x′)v2 × (6)[
(x′)1 −(x′)µ(x′)v × 1
(x′)µ(x′)v × 1 µ(x′)1
] [
E′⊥
H′⊥
]
where v is the space-time modulation velocity vector,
and 1 is the 2 × 2 identity matrix. This shows that in
the co-moving frame, the modulation of parameters in
space and time results in a moving-medium type cou-
pling between the electric and magnetic fields. Hence,
a bianisotropic coupling arises and the electromagnetic
response is nonreciprocal. Interestingly, this is different
from the usual moving medium situation, where the bian-
isotropic coupling arises in the lab-frame while in the co-
moving frame all interactions are reciprocal. Hence, from
Eqs. (7-9) we can write the effective constitutive parame-
ters of the space-time modulated media in the co-moving
frame as, [
D′
B′
]
=
[
ˆ′ ξˆ′
ζˆ′ µˆ′
] [
E′
H′
]
(7)
as those representing an uniaxial medium,
ˆ′ =
′|| 0 00 ′⊥ 0
0 0 ′⊥
 , µˆ′ =
µ′|| 0 00 µ′⊥ 0
0 0 µ′⊥
 , (8)
with a nonreciprocal magnetoelectric coupling ζˆ′ = −ξˆ′,
and
ξˆ′ =
0 0 00 0 ξ′
0 −ξ 0
 , (9)
with
′||(x
′) = (x′), (10)
µ′||(x
′) = µ(x′), (11)
′⊥(x
′) =
(x′)
1− (x′)µ(x′)v2 , (12)
µ′⊥(x
′) =
µ(x′)
1− (x′)µ(x′)v2 , (13)
ξ′(x′) = −v (x
′)µ(x′)
1− (x′)µ(x′)v2 , (14)
In this frame, all the quantities in the constitutive ma-
trix depend solely on x′, so we can write the effective pa-
rameters by homogenising over the unit cell following the
conventional procedure. From the continuity of the nor-
mal components of D and B at an interface, we have that
in the long wavelength limit, 〈D′||〉 = D′|| and 〈B′||〉 = B′||.
Then, for the parallel components of the fields, we write
Eqs. 5 as 〈D′||/(x′)〉 = 〈E′||〉 and 〈B′||/µ(x′)〉 = 〈H′||〉,
and we have,
〈D′||〉 =
〈 1
(x′)
〉−1
〈E′||〉, (15)
〈B′||〉 =
〈 1
µ(x′)
〉−1
〈H′||〉. (16)
Hence, the the effective permittivity and permeability in
the parallel direction are given by,
′|| =
[
1
d
∫ d
0
1
′||(x
′)
dx′
]−1
(17)
µ′|| =
[
1
d
∫ d
0
1
µ′||(x
′)
dx′
]−1
, (18)
where d is the spatial periodicity of the modulation.
On the other hand, from the continuity of the tangen-
tial components of E and H at an interface, we have
that 〈E′⊥〉 = E′⊥ and 〈H′⊥〉 = H′⊥. Hence, for the
3perpendicular components of the fields, we have from
Eqs. 6, 〈D′⊥〉 = 〈⊥(x′)E + ξ(x′)H′〉 and 〈B′⊥〉 =〈µ⊥(x′)H− ξ(x′)E′〉, and,
〈D′⊥〉 = 〈⊥(x′)〉〈E′⊥〉+ 〈ξ(x′)〉〈H′⊥〉 (19)
〈B′⊥〉 = 〈µ⊥(x′)〉〈H′⊥〉 − 〈ξ(x′)〉〈E′⊥〉 (20)
Hence, the remaining effective parameters are given by,
′⊥ =
1
d
∫ d
0
′⊥(x
′) dx′, (21)
µ′⊥ =
1
d
∫ d
0
µ′⊥(x
′) dx′, (22)
ξ′ =
1
d
∫ d
0
ξ′(x′) dx′, (23)
Here, we have assumed a long wavelength approximation
(ωd/c0  1, and ω much smaller than the temporal mod-
ulation frequency). However, this restriction can be lifted
in the absence of back-reflections, as we will show below,
and thus the expressions are exact at any frequency for
impedance-matched systems where µ(x, t)/(x, t) = Z2
is a constant.
The above set of equations, 17, 18 and 21-23, provide
the effective medium description of space-time modula-
tions of travelling-wave form in the co-moving frame. The
last step is to transform them to the laboratory frame (see
S.M.), where the uniaxial and non-reciprocal structure of
the parameters is maintained. The effective medium pa-
rameters in the stationary frame have the same matrix
form as in the co-moving frame, Eqs. 8-9, with compo-
nents given by
eff|| = ′||, (24)
µeff|| = µ′||, (25)
eff⊥ =
′⊥
(1− vξ′)2 − v2′⊥ µ′⊥
, (26)
µeff⊥ =
µ′⊥
(1− vξ′)2 − v2′⊥ µ′⊥
, (27)
ξeff = − v
′⊥ µ′⊥ + (1− vξ′)ξ′
(1− vξ′)2 − v2′⊥ µ′⊥
. (28)
This set of equations, together with Eqs. 17, 18 and 21-
23, constitute the main result of this paper. They pre-
scribe how to calculate the effective material parameters
of any space-time modulation of travelling-wave type.
With them, we can write the effective mode dispersion
relation as,
µeff⊥ 
eff
⊥ ω
2 =
µeff⊥
µeff||
k2y + (k − ξeffω)2, s-polarisation,(29)
µeff⊥ 
eff
⊥ ω
2 =
eff⊥
eff||
k2y + (k − ξeffω)2, p-polarisation,(30)
Finally, from this we obtain the effective group velocity
in terms of the effective parameters,
v±eff =
1
±
√
eff⊥ µ
eff
⊥ + ξeff
, (31)
where the ± sign correspond to forward and backward
propagating waves, respectively.
Importantly, our derived formulae show that for any
kind of travelling-wave modulations where only one of the
parameters is modulated, that is, only the permittivity,
or only the permeability, then ξeff = 0 (see S.M. for a
detailed proof), and the effective medium is reciprocal.
In this case, v+eff = v
−
eff, as expected.
III. EXACT THEORY IN THE ABSENCE OF
BACK-SCATTERING
We now show that the above theory is in fact exact
at any frequency in the absence of back-scattering. In
matched space-time modulated systems, Maxwell’s equa-
tions can be solved analytically in the co-moving frame.
This is seen by noting that, with equal modulations
of the permittivity and the permeability the medium
impedance is constant,
µ(x, t)
(x, t)
= Z2, (32)
and we can write,
E⊥ = ±σs,pZH⊥, D⊥ = ±σs,pZ−1B⊥, (33)
where the top (bottom) sign corresponds to forward
(backward) propagating waves, and σs = −1 for s-
polarisation (E⊥ = Ez), and σp = +1 for p-polarisation
(H⊥ = Hz). At normal incidence, the perpendicu-
lar component of Maxwell’s equations in the laboratory
frame, Eqs. 2, read as,
σs,p∂xE⊥ = −∂tB⊥, σs,p∂xH⊥ = −∂tD⊥. (34)
Making use of Eqs. 33, and given that the medium
impedance is constant, both equations reduce to one (see
S.M. for more details),
∂
∂x
[
(x, t)−1D⊥
]
= ∓Z ∂D⊥
∂t
, (35)
with the − and + signs corresponding to forward and
backward wave propagation, respectively. By transform-
ing to the Galilean frame co-moving with the space-time
modulation, we arrive to a partial differential equation
for D⊥,
∂
∂x′
[(±c(x′)− v)D⊥] = −∂D⊥
∂t′
, (36)
where we have introduced c(x′) = Z−1(x′)−1 as the local
wave velocity. In the frequency domain, we arrive at,
ln [D⊥ (±c(x′)− v)] = iω′
∫
1
±c(x′)− vdx
′. (37)
4we can identify an effective wave-vector by considering
that, given the absence of back-reflections, the phase ac-
cumulated in one spatial period equals the phase-shift of
Bloch modes across the unit cell, ∆φ = k±effd. Hence, we
have
k± = ω′
1
d
∫ d
0
1
±c(x′)− vdx
′. (38)
When the grating modulation speed is large enough to
approach the local velocity of light at any point within
the grating, there is a singular point at c(x′) = v, where
the integrand diverges for waves that co-propagate with
the space-time modulation (+ sign in the integrand). As
a result, the effective group velocity of forward waves
in the co-moving frame approaches zero. At this point,
in the laboratory frame, the dispersion lines of forward
modes of different orders get arbitrarily close and are par-
allel to the dispersion of waves in the background (un-
modulated) medium. This marks the onset of the previ-
ously identified luminal regime [25], where Bloch theory
fails and an effective medium description of the system
is no longer valid, although our analytical approach can
be further extended to the study of this regime [29].
Finally, from the dispersion relation of forward and
backward propagating waves in the co-moving frame,
k± = ω(±√′⊥µ′⊥ − ξ′), we can derive the effective pa-
rameters as
′⊥ = µ
′
⊥ =
√
′⊥µ
′
⊥ =
1
2ω
(k+ − k−)
=
1
d
∫ d
0
(x′)
1− (x′)µ(x′)v2 dx
′, (39)
ξ′ = − 1
2ω
(k+ + k−)
= −v 1
d
∫ d
0
(x′)µ(x′)
1− (x′)µ(x′)v2 dx
′, (40)
in agreement with our homogenisation formulae. This
proves that the homogenisation theory is in fact exact in
the absence of back-scattering. In the S.M. we provide
an alternative proof based on transfer matrix theory.
In the following, we apply our formulae to different
cases of travelling-wave media, and write analytical effec-
tive medium parameters for the cases of travelling wave
stratified and sinusoidal space-time media.
IV. TRAVELLING STRATIFIED MEDIA
Let us consider a travelling two-layer stratified medium
with relative parameters (1, µ1) and (2, µ2), and thick-
nesses d1 and d2 (period d = d1 +d2) modulated at speed
v. In this case, the integrals in Eqs. 10-23 straight-
forwardly give the set of effective parameters in the co-
Figure 2. Group velocity and effective parameters for a trav-
elling bi-layered medium as a function of speed, v. (a) Group
velocity, in absolute value, of forward (blue, solid) and back-
ward (orange, dashed) waves, for matched space-time modu-
lations, αe = αm = 0.1. The range of modulations where a
homogenisation picture is not valid, c1 < v/c0 < c2 is marked
with a gray area. (b) Effective permittivity, eff⊥ , and per-
meability, µeff⊥ , (left axis), and magnetoelectric coupling ξeff
(right axis). (c) Effective magnetoelectric coupling as a func-
tion of space-time modulation speed, v, and the values of
(αe, αm), parametrized by φ as shown in the inset panel. We
take m = µm = 1.3 and d1 = d2 = d/2. We show relative
values of the wave velocity and effective parameters, i.e., veff
is in units of c0, eff and µeff in units of 0 and µ0, respectively,
and ξeff in units of c
−1
0 .
5moving frame,
′||
0
=
(
d1
d
1
1
+
d2
d
1
2
)−1
, (41)
µ′||
µ0
=
(
d1
d
1
µ1
+
d2
d
1
µ2
)−1
, (42)
′⊥
µ0
=
1
d
(
1
1− 1µ1v2/c20
d1 +
2
1− 2µ2v2/c20
d2
)
,(43)
µ′⊥
µ0
=
1
d
(
µ1
1− 1µ1v2/c20
d1 +
µ2
1− 2µ2v2/c20
d2
)
,(44)
ξ′c0 = − v
dc0
(
1µ1d1
1− 1µ1v2/c20
+
2µ2d2
1− 2µ2v2/c20
)
, (45)
which need to be transformed to the rest frame through
Eqs. 24-28. From the lab-frame effective parameters,
which are given in the S.M., the effective wave veloc-
ity can be obtained through Eq. 31. Alternatively, for
matched systems, the effective wave velocity can be de-
rived from the exact Eq. 38, and transforming to the rest
frame (see S.M.).
We now particularize to a travelling bilayer crystal
with 1,2 = m(1±αe), µ1,2 = µm(1±αm), such that the
permittivity and permeability are symmetrically shifted
above and below the background values, m, µm. We
first consider the case of matched space-time modula-
tions, with αe,m = α = 0.1, and constant impedance
Z1 = Z2 = Z0
√
µm/m, and d1 = d2. In this case, the
theory is exact and the effective parameters in the rest
frame reduce to,
eff⊥
0
= m
1− (1− α2) v2c−2m c−20
1− v2c−2m c−20
(46)
µeff⊥
0
= µm
1− (1− α2) v2c−2m c−20
1− v2c−2m c−20
(47)
ξeffc0 = α
2 vc
−1
0 c
−2
m
1− v2c−2m c−20
. (48)
Here cm = 1/
√
mµm is the relative wave velocity in the
unmodulated background medium. From the effective
parameters we can obtain the effective wave velocities
as,
v±eff = ±c0cm
1∓ vc−1m c−10
1∓ vc−1m c−10 (1− α2)
. (49)
From the above we see that if the modulation is only
spatial (v = 0), v±eff = ±cmc0. In fact, this is a par-
ticular case of v±eff = ±d/(d1/c1 + d2/c2), the conven-
tional homogenisation result for space-only stratified me-
dia, with c1 = 1/
√
1µ1 and c2 = 1/
√
2µ2 being the
relative wave velocities in each of the layers. On the
other hand, if the modulation is only temporal (v →∞),
v±eff → ±cmc0/(1 − α2), which is a particular case of
v±eff = ±(c1d1 + d2c2)/d, the average wave velocity for
time-only stratified media [30]. Given that the system is
matched, these analytical results give the exact photonic
band-structure at any frequency. On the other hand, we
note that although the effective parameters can be cal-
culated for any modulation speed (except for the pole
in Eqs. 46-49), the problem of a travelling stratified
medium is ill-defined within the speed range limited by
the group velocity of waves in each layer, c1 < v/c0 < c2.
In fact, when the modulation speed equals the group ve-
locity of waves in any of the crystal layers, v/c0 = c1,2,
the effective parameters in the co-moving frame diverge,
see Eqs. 43-45, which results in singularities in the effec-
tive parameters that, while being removable, mark the
limits of a range of velocities where there are exponen-
tially growing solutions and homogenisation is not valid.
The expression for the effective wave velocities, Eq.
49, reveals that away from the space-only or time-only
modulations, forward and backward modes are affected
very differently by the space-time modulation. Figure
2 shows the relative effective parameters of this system
with α = 0.1. The effective group velocity in the rest
frame, veff, is shown in panel (a) for the forward (blue,
left axis) and backward (orange, right axis) waves, while
panel (b) presents the effective permittivity, permeability
and magnetoelectric coupling. The range c1 < v/c0 < c2
is marked with a shaded area. At zero modulation speed,
forward and backward modes start at ±cmc0. As the
modulation speed increases, the effective velocity of back-
ward waves changes very little and monotonously up to
−cmc0/(1 − α2) at v → ∞. In fact, this is a conse-
quence of the back-reflection free condition: backward
waves interact very little with the modulation. On the
other hand, forward waves are strongly affected by it.
In the subluminal regime, v < c1c0, the effective for-
ward wave velocity is smaller than the wave velocity in
the background medium, v+eff < cmc0, and it decreases
as the modulation speed increases. This is consistent
with the effective refractive index and the magnetoelec-
tric coupling increasing with modulation speed, see panel
(b). On the other hand, when the singularity is crossed
and the modulation is superluminal, v > c2c0, the effec-
tive velocity changes from being smaller to being larger
than the background wave velocity, and then it decreases
again up to the limiting value as the modulation speed
decreases, consistent with effective parameters smaller
than the background parameters, and negative magne-
toelectric coupling, see panel (b). Additionally, we note
here that the effective mode velocity for bilayer space-
time crystals was derived through a different method in
Ref. 31.
Having considered a matched space-time modula-
tion, we now look at general values of (αe, αm) =√
2α(cosφ, sinφ), while keeping all the parameters the
same and assuming low frequencies. For φ = pi/4, we
recover the matched case studied above, αe,m = α.
Specifically, in Fig. 2(c) we show the effective mag-
netoelectric coupling, ξeff, as a function of modulation
speed and φ, the parametrization angle that determines
the values of (αe, αm). Shaded in gray is the range of
modulation speeds where homogenisation is not valid,
6c1 < v/c0 < c2, which is widest when the system is
matched (αe,m = ±α), and vanishes to a point when the
electric and magnetic modulations are completely out of
phase with each other, (±αe = ∓αm). The behaviour of
ξeff clearly shows that, if only one of the parameters is
modulated, that is, if either αe or αm are 0 (φ = npi/2,
n = 0, 1, · · · ), the system is reciprocal since ξeff = 0.
Conversely, when αe = ±αm (φ = npi/4, n = 1, · · · ),
non-reciprocity is maximum as ξeff is maximum. As φ
changes and the relative sign between the electrical and
magnetic modulations change, ξeff changes sign. Fur-
thermore, the sign of the effective magnetoelectric cou-
pling changes when the modulation speed goes from sub-
(v < c1) to super-luminal (v > c2) for any phase between
the electric and magnetic modulations. It is interesting
to note that when the electric and magnetic modulations
are completely out of phase and the region where ho-
mogenisation is not valid shrinks to a point, the magne-
toelectric coupling increases considerably, giving rise to
large non-reciprocal effects. The results discussed in this
section prove that non-reciprocity can be tuned in space-
time modulated stratified media by changing the modu-
lation speed, or the phase between electric and magnetic
modulations.
V. SINUSOIDAL TRAVELLING-WAVE
MODULATIONS
We now consider a sinusoidal travelling-wave modula-
tion,
(x, t) = m0[1 + 2αe cos(gx− Ωt)], (50)
µ(x, t) = µmµ0[1 + 2αm cos(gx− Ωt)], (51)
where g and Ω are the spatial and temporal frequencies,
αe,m are the electric and magnetic modulation strengths,
and m and µm are the background relative permittiv-
ity and permeability of the medium. The profile moves
with a phase velocity of v = Ω/g. In a previous work,
we argued that these metamaterials mimic the relativis-
tic Fresnel drag of light without the need for any mate-
rial motion [12]. Through a perturbative approach, we
derived effective bianisotropic parameters, accurate for
small modulation strengths and low modulation speeds.
Here we employ the framework developed in this work
to derive the exact metamaterial parameters and give an
exact formula for the Fresnel drag of light in space-time
modulated metamaterials.
We first consider the case of impedance-matched space-
time modulations (αe,m = α), where the theory is exact,
and we make use of the expression for the effective wave
speed in the co-moving frame. From Eq. 38, we have, for
(a)
(b)
(c)
m(1+α)
α
-α
m(1-α)
-
v/c0
Figure 3. Group velocity and effective parameters for
impedance-matched sinusoidal space-time modulations (αe =
αm = 0.05) as a function of modulation speed, v. The
shaded area represents the unstable regime where a band de-
scription looses meaning. (a) group velocity, veff from exact
analytical theory (black line), homogenisation (black dots),
and Floquet-Bloch mode expansion numerics (green circles).
(b,c) Effective permittivity and permeability, eff⊥ = µ
eff
⊥ (b)
and magnetoelectric coupling ξeff (c). Numerical homogeni-
sation (blue dots) and exact formula (blue line) are compared
against a three-mode approximation in the Floquet-Bloch ex-
pansion (dashed orange line). In all panels, the limiting val-
ues of the effective parameters at the threshold of the luminal
regime are depicted with gray dashed horizontal lines. We
take m = µm = 1. We show relative values of the wave ve-
locity and effective parameters, i.e., veff is in units of c0, eff
and µeff in units of 0 and µ0, respectively, and ξeff in units
of c−10 .
waves co-propagating with the modulation,
1
v′+
=
g
2pi
∫ 2pi/g
0
1
cmc0[1 + 2α cos(gx′)]−1 − vdx
′
= −1
v
± 1
v
√
(1− 4α2)(v − v+c )(v − v−c )
(52)
where we have introduced v±c = cmc0(1 ± 2α)−1. These
modulation speed values correspond to the two critical
7points where 1/
√
v − v±c → ∞, and hence the effective
wave velocity in the co-moving frame goes to zero. Trans-
forming to the rest frame, v+eff = v
′
++v, we see that at the
critical points the effective wave velocity equals the mod-
ulation speed, v+eff = vc. In the above expression, + (−)
corresponds to subluminal (superluminal) modulations,
which are bounded by the critical modulation speed val-
ues: v < cmc0(1 + 2α)
−1 corresponds to the subluminal
regime, and v > cmc0(1−2α)−1 to the superluminal one.
In fact, these critical points distinguish the onset of the
luminal regime, cmc0(1 + 2α)
−1 < v < cmc0(1 − 2α)−1,
where the solution to the integral is imaginary, implying
from Eq. 37 that the fields can increase without bound.
This is in agreement with the previously identified insta-
bility region based on Floquet-Bloch theory for modula-
tions of  only [25], or  and µ [10], where unidirectional
amplification is possible [18].
In Fig. 3, we present results for travelling wave
impedance-matched space-time modulations with α =
0.05 and m = µm = 1. Panel (a) shows the rest frame
effective wave velocity, veff/c0, as a function of modula-
tion speed, v/c0, from the exact expression with a solid
line. We also show numerical results from Floquet-Bloch
theory with green dots, to confirm the accuracy of the
result (see Ref. [12] for details on this approach), as
well as numerical evaluation of the homogenisation inte-
grals with black dots. Starting at zero modulation speed,
where v+eff = c0 since cm = 1, the forward-wave effec-
tive velocity decreases down to a threshold value v+eff =
cmc0(1 + 2α)
−1 ≈ 0.91c0 when the modulation speed
reaches the subluminal critical point, v = cmc0(1+2α)
−1.
The decrease in effective wave velocity is accompanied by
an increase in effective permittivity and permeability, as
well as magnetoelectric coupling. On the other hand, af-
ter the luminal region, at the superluminal critical point,
v = cmc0(1 − 2α)−1, the forward-wave effective velocity
takes a limiting value v+eff = cmc0(1 − 2α)−1 ≈ 1.11c0,
and then decreases as the modulation velocity increases,
approaching v+eff = c0(1+2α
2). Differently from the trav-
elling stratified crystal, in this case there is a saturation
in the value of wave group velocity at the lower and up-
per threshold of the range where homogenisation is not
valid.
Figure 3 (b,c) shows the effective permittivity and per-
meability (eff⊥ /0 = µ
eff
⊥ /µ0, b) and effective magneto-
electric coupling, (ξeffc0, c). The homogenisation inte-
grals, which we showed are exact for impedance-matched
systems, can be solved analytically and we use them to
plot the effective parameters with a blue line, compar-
ing also to numerically evaluated integrals (plotted with
dots). For the matched case under consideration, our
method yields,
eff⊥ = m0
1
2vc−10 c
−1
m
Γ− ∓ Γ+
Γ−Γ+
(53)
µeff⊥ = µmµ0
1
2vc−10 c
−1
m
Γ− ∓ Γ+
Γ−Γ+
(54)
ξeffc0 = − 1
2vc−10
Γ− ∓ Γ+ − 2Γ−Γ+
Γ−Γ+
(55)
(56)
where the top (bottom) sign corresponds to subluminal
(superluminal) speeds and we have introduced the short-
hand
Γ± =
cmc0√
(1− 4α2)(v ± v+c )(v ± v−c )
. (57)
We note that the homogenisation integrals can be solved
analytically for general αe and αm, not only for the
matched case, and we give the general expressions in
the S.M. In agreement with the effective wave veloc-
ity, the effective permittivity and permeability increase
above the background value, and the magnetoelectric
coupling increases above zero, as the modulation speed
increases from 0 to the subluminal critical speed, v =
cmc0(1+2α)
−1, where eff⊥ /m0 = µ
eff
⊥ /µmµ0 = 1+α, and
ξeffc0 = α. Then, after the luminal region, the permittiv-
ity and permeability are reduced below their background
values, and the magnetoelectric coupling changes sign.
They start at threshold values eff⊥ /m0 = µ
eff
⊥ /µmµ0 =
1−α, and ξeffc0 = −α when the modulation speed equals
the superluminal critical velocity, v = cmc0(1+2α)
−1. As
the modulation speed increases, they increase approach-
ing the limiting values at infinite modulation speed,
eff⊥ /0 → m(1 − 2α2), µeff⊥ /µ0 → µm(1 − 2α2) and
ξeff → 0. In addition, panels (b,c) also show results
for the effective parameters (dashed orange line) ob-
tained from a perturbative approach that includes three-
modes in a Floquet-Bloch expansion. As detailed in Ref.
[12], this is a good approximation for small modulation
strengths, α  1, and modulation speeds far from the
luminal region, v  cmc0 or v  cmc0. Indeed, we
can see in the plot how the perturbative result is very
accurate for these low and high velocities. However, it
completely fails to predict the correct behaviour close to
the luminal regime, and in particular, it misses the satu-
ration of the effective parameters at the critical modula-
tion speeds. These critical points represent a transition
between a system described accurately in a Bloch wave
picture, and the amplification regime, and will be studied
elsewhere.
Let us now consider general space-time modulations of
the permittivity and permeability. We parametrize the
electric and magnetic modulations through (αe, αm) =√
2α(cosφ, sinφ), and we take α = 0.05, such that when
φ = pi/4, we have αe,m = α as in the previously stud-
ied case. Figure 4 shows a contour plot of the effective
magnetoelectric coupling as a function of the modulation
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v/c0
Figure 4. Effective magnetoelectric coupling as a function
of space-time modulation speed, v/c0, and the values of
(αe, αm), parametrized by φ (see inset). Effective ξ is zero
whenever only one of the parameters is modulated (marked
with horizontal dashed lines). The grey region centered at
v = c0 corresponds to the luminal regime, which is maximised
when the system is matched (αe, αm) = (±α,±α), and min-
imised when the modulations oppose each other (αe, αm) =
(±α,∓α) (all four cases marked with solid horizontal lines).
We take α = 0.05, m = µm = 1, and cm = 1, as in Fig. 3.
We use units of c−10 for ξeff.
speed, v/c0, and the parametrization angle, φ, similar to
what we showed for the travelling stratified medium in
Fig. 2. The luminal regime is given by the range of mod-
ulation speeds limited by the minimum and maximum
loacl group velocities,
cm√
(1 + 2αe)(1 + 2αm)
≤ v
c0
≤ cm√
(1− 2αe)(1− 2αm)
.
(58)
This range, which corresponds to the shaded gray area
in Fig. 4, was previously identified for the case of 
and µ modulations from Floquet-Bloch theory as the re-
gion where a band description of the system fails [10],
while here it stems from our analytical treatment. In-
tuitively, the luminal regime can be understood as the
range of modulation velocities bounded by the minimum
and maximum local phase velocities of the modulation
in the co-moving frame min[c(x′)] ≤ v ≤ max[c(x′)]. As
can be seen in Fig. 4, this criterion implies that the lumi-
nal regime is widest for the matched case studied above,
αe = αm = ±α, while it is minimum (width of order
α2) when the modulations are of the same size but out
of phase αe = −αm = ±α, and its size varies between
these extreme cases. While an analytical treatment of
this regime is also possible [29], here we concentrate on
parameters outside of the luminal regime, where the sys-
tem can be represented by effective material parameters,
which as we showed are exact in the low frequency limit.
Looking at the value of ξeff, it can be seen that it is
non-zero only when both αe and αm are non-zero. This
implies that whenever both the permittivity and perme-
ability are modulated, the system is non-reciprocal at
zero frequency [12]. In addition, we see how the effec-
tive magnetoelectric coupling is largest in size at the
lower and upper thresholds of the luminal regime, and
for the phases where the luminal range is widest, that
is, for electrical and magnetic modulations of the same
size, matched, (±α,±α) or in anti-phase, (±α,∓α). Its
sign changes between the subluminal and superluminal
regime, and also when the relative sign between αe and
αm changes, revealing the possibility of tuning the non-
reciprocity direction by tuning the modulation speed, or
the phase of the electric and magnetic modulations. To
complement the study of the magnetoelectric coupling,
in the S.M. we present results for all effective parameters
for an instance of non-matched modulations.
Finally, we make a connection to the Fresnel drag
of light, by establishing an exact mapping between
the bianisotropic metamaterial and an equivalent (non-
bianisotropic) moving medium. The non-reciprocal dis-
persion curves of space-time modulations of both the
electric and magnetic parameters can be linked to the rel-
ativistic dragging of light by moving matter, even though
there is no physical motion [12]. In particular, the effec-
tive bianisotropic medium characterised by the parame-
ters given in Eqs. (24-28) can be mapped to an uniaxial
medium with permittivity and permeability tensors,
eq =
 eq,|| 0 00 eq,⊥ 0
0 0 eq,⊥
 , (59)
µeq =
 µeq,|| 0 00 µeq,⊥ 0
0 0 µeq,⊥
 , (60)
moving with velocity vD. From a Lorentz transformation
between both frames we have,
eff⊥ = eq,⊥
1− v2D/c20
1− 2eq,⊥µeff⊥ v2D/eff⊥
(61)
ξeff =
vD
c20
′2⊥µ
eff
⊥ /
eff
⊥ c
2
0 − 1
1− 2eq,⊥µeff⊥ v2D/eff⊥
, (62)
together with µeq,⊥ = eq,⊥µeff⊥ /
eff
⊥ and eq,|| = 
eff
|| ,
µeq,|| = µeff|| . We can then solve the above system for
vD, eq,⊥ and µeq,⊥, thus completely characterising the
equivalent moving medium. The obtained analytical ex-
pressions are given in the S.M..
Figure 5 shows the equivalent moving medium parame-
ters and velocity for a space-time modulated system with
parameters m = µm = 1.3, αe = αm = 0.05. For this
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v/c0
Figure 5. Electromagnetic parameters, permittivity and per-
meability (a), and velocity, vD (b), of the equivalent uniax-
ial moving medium as a function of speed modulation. Nu-
merical homogenisation (blue dots) and exact formula (blue
line) are compared against a three-mode approximation in
the Floquet-Bloch expansion (dashed orange line). We take
m = µm = 1.3 and αe = αm = 0.05. The permittivity and
permeability are given in units of 0 and µ0, respectively, and
the drag velocity in units of c0.
impedance matched case, we can exploit the exact effec-
tive parameters to derive an exact mapping to an equiv-
alent moving medium, shown as blue lines. We also plot
with dashed orange lines results obtained from a Floquet-
Bloch expansion assuming three-modes for comparison
[12]. Similar to the behaviour of the effective parameters,
the equivalent moving medium permittivity and perme-
ability (a) and velocity (b), are only defined outside of
the luminal range (shaded area). Starting at zero mod-
ulation velocity, the equivalent medium is isotropic and
stationary, and as the modulation speed increases, the
equivalent medium effective parameters increase above
the background values, up to a threshold value at the crit-
ical subluminal speed that the perturbation theory ap-
proach fails to capture (dashed orange line). The equiv-
alent medium velocity is negative, and increases in size
also down to a threshold value. On the other hand, after
crossing the luminal range, the equivalent medium pa-
rameters flip to a threshold value below the background
parameters at the superluminal critical speed, and then
approach the background parameters as the modulation
speed increases. The velocity of the equivalent moving
medium turns positive, and decreases towards zero as
the modulation approaches a temporal-only modulation.
Thus, the drag direction can be switched by switching be-
tween sub- and superluminal modulation speeds, while
keeping the same modulation direction. The different
sign of the drag velocity is linked to the opposite signs
of the effective magnetoelectric coupling for sub- and
superluminal modulations. In brief, subluminal (super-
luminal) gratings, slow down (speed up) forward waves
travelling through the modulated medium, and result in
equifrequency contours displaced in the same (opposite)
direction as the modulation phase velocity [12]. These
exact results prove the link between the Fresnel drag of
light in moving matter and space-time modulated media,
where there is no physical motion.
Finally, it is worth stressing the different equivalences
that we have shown in this paper: (i) Initially we consider
an isotropic medium subject to a spatio-temporal modu-
lation of its permittivity and permeability, (ii) Through
a Galilean transformation, the space-time metamaterial
maps to a bianisotropic medium in a frame co-moving
with the modulation at speed v (Eqs. 21-23), (iii) In the
rest frame the spatio-temporal metamaterial maps to a
bianisotropic effective medium (Eqs. 24-28), and (iv) A
Lorentz frame moving at velocity vD with respect to the
laboratory frame can be found where the medium is uni-
axial (non-bianisotropic), giving rise to the explanation
of the emerging bianisotropy as a Fresnel drag effect.
VI. CONCLUSIONS
To summarize, here we have presented the first ho-
mogenisation theory of space-time metamaterials, and
we have shown it is exact in the absence of back-
scattering, that is, in the case of impedance-matched
modulations, or at low frequencies when this condition
is lifted. Our theory provides analytical expressions
for the effective medium parameters of travelling space-
time modulations. While we have considered the spatio-
temporal modulation of an isotropic medium, the theory
can be extended to more complex scenarios such as the
space-time modulation of non-isotropic media, and shed
light on topological transitions or exceptional points that
may emerge there. In addition, having focused here on
Maxwell’s equations, our framework can be extended to
other wave theories.
We have looked in detail at two instances of travel-
ling space-time media: a stratified crystal, and a sinu-
soidal grating. These constitute the two extreme cases
of travelling modulations of one Fourier component (sine
wave), and a square wave, and while they yield simi-
lar phenomenology at low and high modulation speeds,
there are differences in their behaviour at sub- and super-
luminal velocities that are close to the velocity of light.
While for the stratified crystal the effective medium pa-
rameters can in principle be calculated within the lumi-
nal range where there are no stable solutions, in the case
of sinusoidal modulations the effective medium param-
eters saturate at the edges of the singular regime. We
expect this critical behaviour to lead to rich physics in
space-time modulated metamaterials. Furthermore, our
analysis proves that space-time media based on travelling
10
wave modulations are exactly equivalent (outside the lu-
minal range) to a moving uniaxial uniform material in
the long wavelength regime, with an equivalent velocity
of motion that is not the same as the metamaterial mod-
ulation speed.
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I. HOMOGENISATION THEORY
A. Derivation of the constitutive relations in the co-moving frame
Here we use Lorentz’s transformations to write the constitutive relations of the electromagnetic fields in a frame
co-moving with the modulations. At the end we particularize to a Galilean transformation.
In the lab frame, we have Maxwell’s equations,
∇×E = −∂B
∂t
, (S1)
∇×H = ∂D
∂t
, (S2)
with constitutive relations,
D = (x− vt)E, (S3)
B = µ(x− vt)H. (S4)
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2Here, , µ, include 0,µ0, such that µ has units of 1/c
2. Maxwell’s equations are form-invariant under Lorentz
transformations,
x′ = γ(x− vt), (S5)
t′ = γ(t− v
c2
x), (S6)
with γ = (1− v2/c2)1/2 so in a (primed) frame co-moving with the modulations at speed v = vx,
∇′ ×E′ = −∂B
′
∂t′
, (S7)
∇′ ×H′ = ∂D
′
∂t′
. (S8)
In order to write the constitutive relations in the co-moving frame we start from Lorentz’s transformations of the
electromagnetic fields [R1],
E′|| = E||, (S9)
B′|| = B||, (S10)
E′⊥ = γ (E⊥ + v ×B⊥) , (S11)
B′⊥ = γ
(
B⊥ − 1
c2
v ×E⊥
)
, (S12)
and
D′|| = D||, (S13)
H′|| = H||, (S14)
D′⊥ = γ
(
D⊥ +
1
c2
v ×H⊥
)
, (S15)
H′⊥ = γ (H⊥ − v ×D⊥) . (S16)
Thus, and from Eqs. S3-S4, we have in the co-moving frame,
D′|| = (x
′/γ)E′||, (S17)
B′|| = µ(x
′/γ)H′||. (S18)
On the other hand, for the components in the plane perpendicular to the velocity, we can write[
D′⊥
B′⊥
]
= γ
[
 1c2v × 1− 1c2v × 1 µ
] [
E⊥
H⊥
]
(S19)
[
E⊥
H⊥
]
= γ
[
E′⊥
H′⊥
]
+ γ
[
0 −v × 1
v × 1 0
] [
D′⊥
B′⊥
]
(S20)
which after some manipulations yields,[
D′⊥
B′⊥
]
=
1
1− (x′/γ)µ(x′/γ)v2 ×[
γ−2(x′/γ)1 − [(x′)µ(x′)c2 − 1] vc2 × 1[
(x′)µ(x′)c2 − 1] vc2 × 1 γ−2µ(x′/γ)1
] [
E′⊥
H′⊥
]
(S21)
It is interesting to note that in the previous formulas c may be understood as a free-parameter, in the sense that
the considered field mapping transforms the original Maxwell’s equations for the unprimed fields into an equivalent
set of equations for the primed fields with the constitutive relations (S21). The choice c = 1/
√
0µ0 corresponds to
the usual Lorentz transformation and ensures that the vacuum constitutive relations are the same for the primed and
unprimed fields. For our purposes, it is however more convenient to pick c → ∞ (γ = 1), such that the coordinate
transformation reduces to Galilean one,
x′ = x− vt, (S22)
t′ = t. (S23)
3This is more suited for our purposes since we are concerned with modulated media, and not with moving matter,
such that the velocity of the modulation is not restricted by the speed of light. With this, we arrive at,
D′|| = (x
′)E′||, (S24)
B′|| = µ(x
′)H′||, (S25)[
D′⊥
B′⊥
]
=
1
1− (x′)µ(x′)v2
[
(x′)1 −(x′)µ(x′)v × 1
(x′)µ(x′)v × 1 µ(x′)1
] [
E′⊥
H′⊥
]
(S26)
These are Eqs. (5,6) of the main text. Equivalently,[
D′⊥
B′⊥
]
=
1
1− v2/c(x′)2
[
(x′)1 −c(x′)−2v × 1
c(x′)−2v × 1 µ(x′)1
] [
E′⊥
H′⊥
]
(S27)
with c(x′) = 1/
√
(x′)µ(x′) being the local phase velocity in the co-moving frame.
The above constitutive equations, Eqs. S24-S26, depend only on the transformed spatial coordinate, x′, and
represent bianisotropic medium parameters,
D′|| = 
′
||(x
′)E′||, (S28)
B′|| = µ
′
||(x
′)H′||, (S29)[
D′⊥
B′⊥
]
=
[
ˆ′⊥(x
′)1 ξˆ′⊥(x′)
−ξˆ′⊥(x′) µˆ′⊥(x′)1
] [
E′⊥
H′⊥
]
(S30)
with uv being the unit vector in the direction of the modulation, and ξˆ′⊥ = ξ′uv × 1. Writing the perpendicular
components explicitly, D
′
y
D′z
B′y
B′z
 =
 
′
⊥ 0 0 −ξ′
0 ′⊥ ξ
′ 0
0 ξ′ µ′⊥ 0−ξ′ 0 0 µ′⊥
[E′⊥H′⊥
]
. (S31)
The set of effective parameters is obtained by homogenising Eqs. S28-S30 as detailed in the main text:
′|| =
[
1
d
∫ d
0
1
′||(x
′)
dx′
]−1
(S32)
µ′|| =
[
1
d
∫ d
0
1
µ′||(x
′)
dx′
]−1
, (S33)
′⊥ =
1
d
∫ d
0
(x′)
1− (x′)µ(x′)v2 dx
′, (S34)
µ′⊥ =
1
d
∫ d
0
µ(x′)
1− (x′)µ(x′)v2 dx
′, (S35)
ξ′ = −v 1
d
∫ d
0
(x′)µ(x′)
1− (x′)µ(x′)v2 dx
′, (S36)
(S37)
with d the spatial periodicity.
B. Effective parameters in the rest frame
Once homogenisation has been performed in the co-moving frame (primed parameters), the effective parameters
need to be transformed back to the lab frame. Starting from bianisotropic-type equations in the co-moving frame,
Eqs. S28- S30, in the lab frame we have from Lorentz’s transformations for the parallel field components [R1],
D|| = ||E||, (S38)
B|| = µ||H||, (S39)
(S40)
4On the other hand, for the perpendicular field components, Lorentz’s transformations read as,[
D⊥
B⊥
]
= γ
[
D′⊥
B′⊥
]
+
[
0 − vc2uv × 1
v
c2uv × 1 0
] [
E′⊥
H′⊥
]
(S41)
[
E′⊥
H′⊥
]
= γ
[
E⊥
H⊥
]
+
[
0 vuv × 1
−vuv × 1 0
] [
D⊥
B⊥
]
(S42)
From the above we can derive the constitutive relations in the lab frame,[
D⊥
B⊥
]
=
1
(1− vξ)2 − v2′⊥µ′⊥
× (S43)[
γ−2⊥1
[
v⊥µ⊥ + (1− vξ′)
(
ξ′ − vc2
)]
uv × 1
− [v⊥µ⊥ + (1 + vξ′) (ξ′ − vc2 )]uv × 1 γ−2µ⊥1
] [
E⊥
H⊥
]
Taking the Galilean limit, we have[
D⊥
B⊥
]
=
1
(1− vξ)2 − v2′⊥µ′⊥
× (S44)[
⊥1 [v⊥µ⊥ + (1− vξ′)ξ′]uv × 1
− [v⊥µ⊥ + (1 + vξ′)ξ′]uv × 1 µ⊥1
] [
E⊥
H⊥
]
where it is clear that the constitutive matrix in the lab frame is also bianisotropic, and we can identify the effective
parameters in the lab frame as,
D|| = eff|| E||, (S45)
B|| = µeff|| H||, (S46)[
D⊥
B⊥
]
=
[
eff⊥ 1 ξ
effuv × 1
−ξeffuv × 1 µeff⊥ 1
] [
E⊥
H⊥
]
(S47)
Hence,
eff|| = ′||, (S48)
µeff|| = µ′||, (S49)
eff⊥ =
′⊥
(1− vξ′)2 − v2′⊥µ′⊥
, (S50)
µeff⊥ =
µ′⊥
(1− vξ′)2 − v2′⊥µ′⊥
, (S51)
ξeff =
v′⊥µ′⊥ + (1− vξ′)ξ′
(1− vξ′)2 − v2′⊥µ′⊥
, (S52)
which are Eqs. (24-28) in the main text.
C. Plane wave dispersion relation
With the above homogenised parameters, we have effective Maxwell’s equations in the rest frame:[
0 ∇×
∇× 0
] [
E
H
]
=
∂
∂t
[
ˆeff ξˆeff
−ξˆeff µˆeff
] [
E
H
]
(S53)
Assuming plane wave solutions, {E(x, t),H(x, t)} = {E0,H0}ei(kx+kyy−ωt), we have
ik
[
Ez
Hy
]
= −iω
[
ξeff µeff⊥
eff⊥ −
k2y
ω2µeff||
ξeff
] [
Ez
Hy
]
, s-polarisation, (S54)
ik
[
Ey
Hz
]
= −iω
[
ξeff −µeff⊥ +
k2y
ω2eff||
−eff⊥ ξeff
] [
Ey
Hz
]
, p-polarisation. (S55)
5From which we can write dispersion relations as,
µeff⊥ 
eff
⊥ ω
2 =
µeff⊥
µeff||
k2y + (k + ξ
effω)2, s-polarisation, (S56)
µeff⊥ 
eff
⊥ ω
2 =
eff⊥
eff||
k2y + (k + ξ
effω)2, p-polarisation. (S57)
At normal incidence we have,
k = ω
(
±
√
eff⊥ µ
eff
⊥ − ξeff
)
, (S58)
for both polarisations.
D. Modulation of only one parameter
If only one parameter is modulated, while the effective material in the co-moving medium will in general still be
bianisotropic (ξ′ 6= 0), in the lab frame the magnetoelectric coupling cancels out, and as discussed in the main text
the low frequency response is reciprocal. It can be seen that ξeff = 0 from Eq. S52. Assuming only  is modulated,
ξeff ∝ ′⊥µ′⊥v + (1− vξ′)ξ′
=
〈
(x′)
1− v2/c(x′)2
〉
µ
〈
1
1− v2/c(x′)2
〉
v
+
[
1− v
(
−v
〈
(x′)µ
1− v2/c(x′)2
〉)](
−v
〈
(x′)µ
1− v2/c(x′)2
〉)
= v
〈
(x′)µ
1− v2/c(x′)2
〉[〈
1
1− v2/c(x′)2
〉
− 1− v2
〈
(x′)µ
1− v2/c(x′)2
〉]
= v
〈
1/c(x′)2
1− v2/c(x′)2
〉[〈
1− 1 + v2/c(x′)2 − v2/c(x′)2
1− v2/c(x′)2
〉]
= 0 (S59)
where 〈. . . 〉 stands for averaging in one unit cell in the co-moving frame.
E. Maxwell’s equations in the co-moving frame for each polarisation
Here we explicitly write Maxwell’s equations for each polarisation in the co-moving frame using a Galilean trans-
formation, in an equivalent procedure to that detailed in Section I A.
We start from Maxwell’s equations in the lab frame,
∇×E = −∂B
∂t
= − ∂
∂t
[µ(x, t)H] , (S60)
∇×H = ∂D
∂t
=
∂
∂t
[(x, t)E] . (S61)
We first look at s polarization, (Ez, Hx, Hy),
∂Ez
∂y
= − ∂
∂t
[µ(x, t)Hx] , (S62)
∂Ez
∂x
=
∂
∂t
[µ(x, t)Hy] , (S63)
∂Hy
∂x
− ∂Hx
∂y
=
∂
∂t
[(x, t)Ez] , (S64)
Consider a moving coordinate frame of Galilean type,
x′ = x− Ω/gt = x− vt, (S65)
t′ = t. (S66)
6where the parameters are only a function of the spatial coordinate, (x′) , µ(x′). We have,
∂
∂x
=
∂
∂x′
∂x′
∂x
+
∂
∂t′
∂t′
∂x
=
∂
∂x′
, (S67)
∂
∂t
=
∂
∂x′
∂x′
∂t
+
∂
∂t′
∂t′
∂t
=
∂
∂t′
− v ∂
∂x′
, (S68)
such that Maxwell’s equations transform as,
∂Ez
∂y′
= −
(
∂
∂t′
− v ∂
∂x′
)
[µ(x′)Hx] , (S69)
∂Ez
∂x′
=
(
∂
∂t′
− v ∂
∂x′
)
[µ(x′)Hy] , (S70)
∂Hy
∂x′
− ∂Hx
∂y′
=
(
∂
∂t′
− v ∂
∂x′
)
[(x′)Ez] . (S71)
Rearranging,
∂Ez
∂y′
− v ∂
∂x′
[µ(x′)Hx] = −µ(x′)∂Hx
∂t′
, (S72)
∂
∂x′
[Ez + vµ(x
′)Hy] = µ(x′)
∂Hy
∂t′
, (S73)
∂
∂x′
[Hy + v(x
′)Ez]− ∂Hx
∂y′
= (x′)
∂Ez
∂t′
. (S74)
We use the change of variables,
E′z = Ez + vµ(x
′)Hy, (S75)
H ′y = Hy + v(x
′)Ez, (S76)
and H ′x = Hx. For the last two equations (S73, S74) we have,
∂E′z
∂x′
= µ(x′)
∂Hy
∂t′
, (S77)
∂H ′y
∂x′
− ∂H
′
x
∂y′
= (x′)
∂Ez
∂t′
. (S78)
Using now the inverse change of variables,
Ez =
1
1− v2/c(x′)2
[
E′z − vµ(x′)H ′y
]
, (S79)
Hy =
1
1− v2/c(x′)2
[
H ′y − v(x′)E′z
]
, (S80)
where c(x′) = [(x′)µ(x′)]−1/2, we arrive at,
∂E′z
∂x′
=
1
1− v2/c(x′)2
[
µ(x′)
∂H ′y
∂t′
− vµ(x′)(x′)∂E
′
z
∂t′
]
, (S81)
∂H ′y
∂x′
− ∂H
′
x
∂y′
=
1
1− v2/c(x′)2
[
(x′)
∂E′z
∂t′
− v(x′)µ(x′)∂H
′
y
∂t′
]
. (S82)
On the other hand, for the first equation in the set of Maxwell’s equations in the co-moving frame (S72), using Eq.
S79,
1
1− v2/c(x′)2
∂
∂y′
[
E′z − vµ(x′)H ′y
]− v ∂
∂x′
[µ(x′)H ′x] = −µ(x′)
∂H ′x
∂t′
(S83)
With a trivial operation,
1
1− v2/c(x′)2
∂
∂y′
[
E′z −
v2
c(x′)2
E′z +
v2
c(x′)2
E′z − vµ(x′)H ′y
]
− v ∂
∂x′
[µ(x′)Hx] = −µ(x′)∂H
′
x
∂t′
(S84)
7we can write,
∂E′z
∂y′
− v
1− v2/c(x′)2
∂
∂y′
[
µ(x′)H ′y −
v
c(x′)2
E′z
]
− v ∂
∂x′
[µ(x′)H ′x] = −µ(x′)
∂Hx
∂t′
(S85)
Taking,
B′x = µ(x
′)Hx, (S86)
B′y =
1
1− v2/c(x′)2
[
µ(x′)H ′y −
v
c(x′)2
E′z
]
, (S87)
we have,
∂E′z
∂y′
− v
[
∂B′y
∂y′
+
∂B′x
∂x′
]
= −µ(x′)∂Hx
∂t′
. (S88)
Finally, using ∇′ ·B′ = 0, we arrive at,
∂E′z
∂y′
= −µ(x′)∂H
′
x
∂t′
. (S89)
The final set of equations reads as,
∂E′z
∂x′
=
µ(x′)
1− v2(x′)µ(x′)
∂H ′y
∂t′
− v (x
′)µ(x′)
1− v2(x′)µ(x′)
∂E′z
∂t′
, (S90)
∂H ′y
∂x′
− ∂H
′
x
∂y′
=
(x′)
1− v2(x′)µ(x′)
∂E′z
∂t′
− v (x
′)µ(x′)
1− v2(x′)µ(x′)
∂H ′y
∂t′
, (S91)
∂E′z
∂y′
= −µ(x′)∂H
′
x
∂t′
, (S92)
which can be mapped to Maxwell’s equations in a bianisotropic medium,
∇′ ×E′ = −∂B
′
∂t′
= − ∂
∂t′
[µ′H′ + ζ′E′] , (S93)
∇′ ×H′ = ∂D
′
∂t′
=
∂
∂t′
[′E′ + ξ′H′] , (S94)
∂E′z
∂x′
= µ′⊥
∂H ′y
∂t′
− ζ ′yz
∂E′z
∂t′
, (S95)
∂H ′y
∂x′
− ∂H
′
x
∂y′
= ′⊥
∂E′z
∂t′
+ ξ′zy
∂H ′y
∂t′
, (S96)
∂E′z
∂y′
= −µ′||
∂H ′x
∂t′
, (S97)
We see that Maxwell’s equations are form-invariant under the chosen transformation, and that biansisotropic cou-
pling emerges in the co-moving frame. From the above we can identify the relevant s-polarization effective medium
parameters in the the co-moving frame,
µ′|| =
[
1
d
∫ d
0
1
µ′||(x
′)
dx′
]−1
, (S98)
′⊥ =
1
d
∫ d
0
(x′)
1− (x′)µ(x′)v2 dx
′, (S99)
µ′⊥ =
1
d
∫ d
0
µ(x′)
1− (x′)µ(x′)v2 dx
′, (S100)
ξ′zy = −ζ ′yz = ξ′ = −v
1
d
∫ d
0
(x′)µ(x′)
1− (x′)µ(x′)v2 dx
′ (S101)
8Similarly, the same derivation for p polarisation, (Ex, Ey, Hz), yields,
∂H ′z
∂x′
= − (x
′)
1− v2(x′)µ(x′)
∂E′y
∂t′
− (x
′)µ(x′)
1− v2(x′)µ(x′)
∂H ′z
∂t′
, (S102)
∂E′y
∂x′
− ∂E
′
x
∂y′
= − µ(x
′)
1− v2(x′)µ(x′)
∂H ′z
∂t′
+
(x′)µ(x′)
1− v2(x′)µ(x′)
∂E′y
∂t′
, (S103)
∂H ′z
∂y′
=
(x′)
1− v2(x′)µ(x′)
∂E′x
∂t′
, (S104)
which map to
∂H ′z
∂x′
= −′⊥
∂E′y
∂t′
− ξ′yz
∂H ′z
∂t′
, (S105)
∂E′y
∂x′
− ∂E
′
x
∂y′
= −µ′⊥
∂H ′z
∂t′
− ζ ′zy
∂E′y
∂t′
, (S106)
∂H ′z
∂y′
= ′||
∂E′x
∂t′
, (S107)
with parameters
′|| =
[
1
d
∫ d
0
1
′||(x
′)
dx′
]−1
, (S108)
′⊥ =
1
d
∫ d
0
(x′)
1− (x′)µ(x′)v2 dx
′, (S109)
µ′⊥ =
1
d
∫ d
0
µ(x′)
1− (x′)µ(x′)v2 dx
′, (S110)
ξ′yz = −ζ ′zy = −ξ′ = v
1
d
∫ d
0
(x′)µ(x′)
1− (x′)µ(x′)v2 dx
′ (S111)
In conclusion, combining the results for both polarisations and writing the effective material parameters in matrix
form, we have in the co-moving frame,
ˆ′ =
′|| 0 00 ′⊥ 0
0 0 ′⊥
 , µˆ′ =
µ′|| 0 00 µ′⊥ 0
0 0 µ′⊥
 , ξˆ′ = −ζ′ =
0 0 00 0 −ξ′
0 ξ′ 0
 , (S112)
with
ξ′ = −v 1
d
∫ d
0
(x′)µ(x′)
1− (x′)µ(x′)v2 dx
′. (S113)
II. EXACT THEORY IN THE ABSENCE OF BACK-SCATTERING
A. Exact theory based on an analytically-solvable first order PDE derived from Maxwell’s equations
Here we develop an exact theory valid in the absence of back-scattering. We start from Maxwell’s equations in the
lab frame,
∇×E = −∂B
∂t
, (S114)
∇×H = ∂D
∂t
. (S115)
Let us consider the components perpendicular to the space-time modulation,
(∇×E)⊥ = −∂B⊥
∂t
, (S116)
(∇×H)⊥ = ∂D⊥
∂t
. (S117)
9At normal incidence these reduce to,
σs,p∂xE⊥ = −∂tB⊥, (S118)
σs,p∂xH⊥ = −∂tD⊥, (S119)
with and σs = −1 and σp = +1 for s- and p-polarisation, respectively.
Let us now assume that the medium is impedance-matched at all positions and times, with equal permittivity and
permeability modulations δ(x, t) = δµ(x, t), such that the medium has constant impedance,
Z =
√
µmµ0 δµ(x, t)
m0 δ(x, t)
=
√
µmµ0
m0
= ZmZ0, (S120)
Thus, we can write,
E⊥ = ±σs,pZH⊥, (S121)
D⊥ = ±σs,pZ−1B⊥, (S122)
with the top (bottom) sign corresponding to forward (backward) propagating waves. Hence, we can rewrite Maxwell’s
equations as,
σs,p∂x
[
(x, t)−1D⊥
]
= −∂t(±σs,pZD⊥), (S123)
σs,p∂x
[±σs,pZ−1(x, t)−1D⊥] = −∂tD⊥. (S124)
Since Z is constant, we see that Maxwell’s equations reduce to a single equation. We have, for both polarisations,
∂
∂x
[
(x, t)−1D⊥
]
= ∓Z ∂D⊥
∂t
, (S125)
with the − and + signs corresponding to forward and backward wave propagation, respectively. This is Eq. 35 in the
main text.
Next, we make a Galilean transformation to the co-moving frame, x′ = x− vt, yielding,
∓ ∂
∂x′
[
(x′)−1D⊥
]
= Z
∂D⊥
∂t′
− Zv∂D⊥
∂x′
, (S126)
where we have made use of the fact that ∂D′⊥ = ∂D⊥ for a Galilean transformation. Rearranging,
∂
∂x′
[(±Z−1(x′)−1 − v)D⊥] = −∂D⊥
∂t′
. (S127)
In the frequency domain,
∂
∂x′
[(±c(x′)− v)D⊥] = iωD⊥. (S128)
where we have identified
c(x′) =
1
Z(x′)
=
1√
µmµ0
m0
√
[m0δ(x′)]2
=
cmc0√
δ(x′)δµ(x′)
=
1√
(x′)µ(x′)
(S129)
as the local wave velocity, using that δ(x′) = δµ(x′). Operating,
∂ [±c(x′)− v]
∂x′
D⊥ + [±c(x′)− v] ∂D⊥
∂x′
= iωD⊥, (S130)
1
±c(x′)− v
∂ [±c(x′)− v]
∂x′
+
1
D⊥
∂D⊥
∂x′
= iω
1
±c(x′)− v , (S131)
1
±c(x′)− v
∂ [±c(x′)− v]
∂x′
+
1
D⊥
∂D⊥
∂x′
= iω
1
±c(x′)− v , (S132)
∂
∂x′
[ln (±c(x′)− v) + lnD⊥] = iω 1±c(x′)− v . (S133)
The above partial differential equation yields,
ln [D⊥ (±c(x′)− v)] = iω
∫
1
±c(x′)− vdx
′ (S134)
10
This integral can be solved analytically for either travelling-wave stratified or sinusoidal space-time modulations, as
we further detail in the next section. Let us here concentrate on the form of the solution,
D⊥ =
1
±c(x′)− v exp
{[
iω
∫
1
±c(x′)− vdx
′
]}
. (S135)
The right hand side is purely imaginary in the cases considered in this work, |c(x′)| ≤ v, such that we can identify
an effective wave-vector by considering that the phase change in the unit cell is ∆φ = k±eff2pi/g, with g = 2pi/d the
reciprocal lattice vector. Hence,
k±eff = ω
g
2pi
∫ d
0
1
±c(x′)− vdx
′. (S136)
On the other hand, in the co-moving frame Maxwell’s equations are of bianisotropic form,
∂′x
[
E⊥
H⊥
]
= ∂′t
[
ξ′ −σs,pµ′⊥−σs,p′⊥ ξ′
]
, (S137)
we assume a plane wave expansion,
±ik′±
[
E⊥
H⊥
]
= iω′
[
ξ′ −σs,pµ′⊥−σs,p′⊥ ξ′
]
, (S138)
and write the dispersion relation of forward and backward propagating waves,
k′± = ω′
(
±
√
′⊥µ
′
⊥ − ξ′
)
. (S139)
We have,
k′+ + k′− = −2ω′ξ′, (S140)
k′+ − k′− = 2ω′
√
′⊥µ
′
⊥ (S141)
From the above and using Eq. S136 we have,
′⊥ = µ
′
⊥ =
√
′⊥µ
′
⊥ =
1
2ω′
ω′
d
∫ d
0
[
1
c(x′)− v −
1
−c(x′)− v
]
dx′
=
1
d
∫ d
0
(x′)
1− (x′)µ(x′)v2 dx
′, (S142)
ξ′ = − 1
2ω′
ω′
d
∫ d
0
[
1
c(x′)− v +
1
−c(x′)− v
]
dx′
= −v 1
d
∫ d
0
(x′)µ(x′)
1− (x′)µ(x′)v2 dx
′, (S143)
in agreement with our homogenisation formulae. This proves that the homogenisation theory is in fact exact when
back-scattering is negligible, that is, if the medium is impedance-matched or, if it is not, whenever the frequency is
low enough to be far away from band gaps.
B. Exact transmission matrix theory for matched space-time media.
Here we present an alternative proof based on transmission matrix theory that the homogenisation theory is exact
at all frequencies for matched space-time media.
We start from Maxwell’s equations in the co-moving frame, which as derived above, can be written as[
0 ∇′×
∇′× 0
] [
E′
H′
]
=
∂
∂t′
[
ˆ′(x′) ξˆ′(x′)
−ξˆ′(x′) µˆ′(x′)
] [
E′
H′
]
(S144)
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Assuming a plane wave expansion, eik
′x′−iω′t′ , in a small enough region such that it is homogeneous, we can derive
the normal incidence dispersion relation in the co-moving frame as,
k± = ω′
(
±
√
′⊥(x′)µ
′
⊥(x′)− ξ′(x′)
)
= ω′
(
±
√
(x′)µ(x′)
1− (x′)µ(x′)v2 + v
(x′)µ(x′)
1− (x′)µ(x′)v2
)
= ω′
±√(x′)µ(x′) + v(x′)µ(x′)
1− (x′)µ(x′)v2 . (S145)
Operating,
k± = ± ω
′
c(x′)∓ v , (S146)
with c(x′) = [(x′)µ(x′)]−1/2 the local wave velocity. We also have,
E′⊥
H ′⊥
= ±σp,sZ, (S147)
with constant impedance Z =
√
µ(x′)/(x′).
If the system is matched, waves propagate without reflections even through inhomogeneities, and the dispersion
relation of Bloch modes can be found by enforcing that the phase accumulated in one spatial period is identical to
the Bloch phase shift. This condition is,
k′d =
∫ d
0
dx′k±(x′) + 2pin, n = 0,±1,±2, · · · (S148)
where d is the spatial period. Using Eq. S146, and noting that under a Galilean transformation k′ = k, we arrive at
k′± = ±1
d
∫ d
0
dx′
ω′
c(x′)∓ v + 2pin, n = 0,±1,±2, · · · (S149)
This is in agreement with Eq. 38 in main text, which was derived by analytically solving Maxwell’s equations and
where we particularised to the fundamental Bloch band (n = 0).
Alternatively, it is possible to write a transmission matrix between two points distanced by δx′ = d,
M = M0e
−i∆φ, (S150)
where ∆φ = (k+ + k−)d/2 and M0 is the standard transmission matrix with wavenumber β = (k+ − k−)/2 and
impedance Z,
M0 =
[
cos(βd) −iZ sin(βd)
−i sin(βd)/Z cos(βd)
]
, (S151)
with ∆φ = ω′d vc2−v2 and β = (k
+ − k−)/2 = ω′ cc2−v2 .
For two consecutive layers with matched impedance and infinitesimal thicknesses,
M0 =
[
cos(β1δ1) −iZ sin(β1δ1)
−i sin(β1δ1)/Z cos(β1δ1)
]
·
[
cos(β2δ2) −iZ sin(β2δ2)
−i sin(β2δ2)/Z cos(β2δ2)
]
(S152)
=
[
cos(β1δ1 + β2δ2) −iZ sin(β1δ1 + β2δ2)
−i sin(β1δ1 + β2δ2)/Z cos(β1δ1 + β2δ2)
]
, (S153)
and
∆φ = (k+ + k−)
δ1
2
+ (k+ + k−)
δ2
2
(S154)
Generalising to an infinite number of layers,
M =
[
cos
(∫
β(x′)dx′
) −iZ sin (∫ β(x′)dx′)
−i sin (∫ β(x′)dx′) /Z cos (∫ β(x′)dx′)
]
exp
(
−i
∫
dx′
k+ + k−
2
)
. (S155)
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With the above transmission matrix the dispersion relation can be found from
det
(
M− 1e−ik′d
)
= 0, (S156)
with d the unit cell length. This leads to
cos
(
k′d−
∫
dx′
k+ + k−
2
)
= cos
(∫
k+ − k−
2
dx′
)
, (S157)
or, equivalently,
k′± = ±1
d
∫ d
0
dx′
ω′
c(x′)∓ v + 2pin, n = 0,±1,±2, · · · (S158)
such that this is an alternative proof of Eq. (38) in the main text.
The above expression constitutes the dispersion relation in the co-moving frame,
k′± =
1
veff
ω′ +
2pi
d
n (S159)
which is then transformed to the lab frame through a Galilean transformation, ω′ = ω − v k and k′ = k,
ω = (veff + v)k
′± + veff
2pi
d
n. (S160)
III. STRATIFIED MEDIA.
A. Analytical effective parameters for bi-layer media
Let us consider a travelling two-layer stratified medium with relative parameters (1, µ1) and (2, µ2), and thicknesses
d1 and d2 (period d = d1 +d2) moving at speed v. In this case, as discussed in the main text we have in the co-moving
frame,
′||
0
= d(
d1
1
+
d2
2
)−1, (S161)
µ′||
µ0
= d(
d1
µ1
+
d2
µ2
)−1, (S162)
′⊥
µ0
=
1
d
(
1
1− 1µ1v2/c20
d1 +
2
1− 2µ2v2/c20
d2
)
, (S163)
µ′⊥
µ0
=
1
d
(
µ1
1− 1µ1v2/c20
d1 +
µ2
1− 2µ2v2/c20
d2
)
, (S164)
ξ′c0 = − v
dc0
(
1µ1
1− 1µ1v2/c20
d1 +
2µ2
1− 2µ2v2/c20
d2
)
. (S165)
The above parameters have removable singularities at v/c0 = 1/
√
1µ1 and v/c0 = 1/
√
2µ2. Transforming to the
rest frame,
eff||
0
= d(
d1
1
+
d2
2
)−1, (S166)
µeff||
µ0
= d(
d1
µ1
+
d2
µ2
)−1, (S167)
eff⊥
0
=
d
(
d11
(
1− 2µ2v2/c20
)
+ d22
(
1− 1µ1v2/c20
))
d21 (1− 2µ2v2/c20) + d1d2 (2− (1µ2 + 2µ1)v2/c20) + d22 (1− 1µ1v2/c20)
(S168)
µeff⊥
µ0
=
d
(
d1µ1
(
1− 2µ2v2/c20
)
+ d2µ2
(
1− 1µ1v2/c201
))
d21 (1− 2µ2v2/c20) + d1d2 (2− (1µ2 + 2µ1)v2/c20) + d22 (1− 1µ1v2/c20)
(S169)
ξeffc0 =
vd1d2(1 − 2)(µ1 − µ2)/c0
d21 (1− 2µ2v2/c20) + d1d2 (2− (1µ2 + 2µ1)v2/c20) + d22 (1− 1µ1v2/c20)
. (S170)
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In the absence of temporal modulation, v = 0, the effective parameters reduce to,
eff||
0
= d(
d1
1
+
d2
2
)−1, (S171)
µeff||
µ0
= d(
d1
µ1
+
d2
µ2
)−1, (S172)
eff⊥
0
=
d (d11 + d22)
(d1 + d2)2
=
d11 + d22
d
(S173)
µeff⊥
µ0
=
d (d1µ1 + d2µ2)
(d1 + d2)2
=
d1µ1 + d2µ2
d
(S174)
ξeff = 0 (S175)
consistent with the conventional homogenisation parameters of isotropic, non-magneto-electric, bi-layer crystals. For
temporal-only modulations, v →∞,
eff||
0
= d(
d1
1
+
d2
2
)−1, (S176)
µeff||
µ0
= d(
d1
µ1
+
d2
µ2
)−1, (S177)
eff⊥
0
= d(
d1
1
+
d2
2
)−1, (S178)
µeff⊥
µ0
= d(
d1
µ1
+
d2
µ2
)−1, (S179)
ξeff = 0, (S180)
as expected for time-like bilayer crystals.
B. Effective group velocity
From Eq. S158, it is straightforward to arrive to,
k′± = ω′
(
d1/d
c1c0 − v +
d2/d
c2c0 − v
)
+
2pi
d
n (S181)
with ci = 1/
√
iµi. Transforming to the rest frame through Eq. S160,
ω = ±
[(
d1/d
c1c0 − v +
d2/d
c2c0 − v
)−1
+ v
]
k′± +
(
d1/d
c1c0 − v +
d2/d
c2c0 − v
)−1
2pi
d
n (S182)
we identify the effective group velocity as,
v±eff =
(
d1/d
±c1c0 − v +
d2/d
±c2c0 − v
)−1
+ v. (S183)
C. Symmetric modulations
Considering symmetric modulations above and below a background medium, 1,2 = m(1±αe), µ1,2 = µm(1±αm),
with d1 = d2, the above expressions for effective parameters in the rest frame yield,
eff⊥
0
= m
1− (1− α2e) v2c−2m c−20
1− v2c−2m c−20
(S184)
µeff⊥
0
= µm
1− (1− α2m) v2c−2m c−20
1− v2c−2m c−20
(S185)
ξeffc0 = αeαm
vc−10 c
−2
m
1− v2c−2m c−20
, (S186)
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from where we can obtain the effective wave velocities as,
v+eff = +c0cm
(v + cmc0)(−v + cmc0)
vcmc0αeαm +
√
[c2mc
2
0 − v2(1− α2e)] [c2mc20 − v2(1− α2m)]
, (S187)
v−eff = −c0cm
(v + cmc0)(−v + cmc0)
vcmc0αeαm −
√
[c2mc
2
0 − v2(1− α2e)] [c2mc20 − v2(1− α2m)]
. (S188)
It is straightforward to see that the same result is obtained by calculating the dispersion in the co-moving frame and
transforming to the rest frame, Eq. S183. The above equation for the forward wave group velocity shows a pole for
modulation speeds,
vc =
cmc0√
1− α2e − α2m + α2eα2m
. (S189)
For equal-amplitude electric and magnetic modulations, (αe, αm) =
√
2α(cosφ, sinφ),
vc =
cmc0√
(1− 2α2 cos2 φ)(1− 2α2 sin2 φ)
. (S190)
From the above equation, we have that the critical modulation for only electric (or magnetic) modulations, φ = 0, φ
(φ = pi/2, 3pi/2), the pole is at,
vc =
cmc0√
1− 2α2 (S191)
while |αe| = ±|αm| (φ = ±pi/4, ±3pi/4), it is at,
vc =
cmc0
1− α2 . (S192)
Hence to second order in α the pole does not depend on φ.
On the other hand, for the matched bi-layer medium considered in the main text, with αe = αm = α, the above
expressions for the effective parameters reduce to,
eff⊥
0
= m
1− (1− α2) v2c−2m c−20
1− v2c−2m c−20
(S193)
µeff⊥
0
= µm
1− (1− α2) v2c−2m c−20
1− v2c−2m c−20
(S194)
ξeffc0 = α
2 vc
−1
0 c
−2
m
1− v2c−2m c−20
, (S195)
and effective wave velocities are,
v+eff = +c0cm
1− vc−1m c−10
1− vc−1m c−10 (1− α2)
, (S196)
v−eff = −c0cm
1 + vc−1m c
−1
0
1 + vc−1m c−10 (1− α2)
, (S197)
which are Eq. (49) of the main text.
IV. SINUSOIDAL TRAVELLING-WAVE MODULATIONS
A. Analytical expressions for effective parameters
In this case we need to evaluate the homogenisation integrals for parameters in the co-moving frame,
(x′) = m0[1 + 2αe cos(gx′)], (S198)
µ(x′) = µmµ0[1 + 2αm cos(gx− Ωt)]. (S199)
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We have for the parallel components of permittivity and permeability,
′|| =
[
1
d
∫ d
0
1
(x′)
dx′
]−1
= m0
√
(1− 2αe)(1 + 2αe), (S200)
µ′|| =
[
1
d
∫ d
0
1
µ(x′)
dx′
]−1
= µmµ0
√
(1− 2αm)(1 + 2αm), (S201)
For the perpendicular components and the magnetoelectric coupling,
′⊥ =
1
d
∫ d
0
(x′)
1− (x′)µ(x′)v2 dx
′
=
m0
d
∫ d
0
1 + 2αe cos(gx
′)
1− [1 + 2αe cos(gx′)][1 + 2αm cos(gx′)]v2c−2m c−20
dx′, (S202)
µ′⊥ =
1
d
∫ d
0
µ(x′)
1− (x′)µ(x′)v2 dx
′
=
µmµ0
d
∫ d
0
1 + 2αm cos(gx
′)
1− [1 + 2αe cos(gx′)][1 + 2αm cos(gx′)]v2c−2m c−20
dx′, (S203)
ξ
′
= −v
d
∫ d
0
(x′)µ(x′)
1− (x′)µ(x′)v2 dx
′
= −vc
−2
m c
−2
0
d
∫ d
0
[1 + 2αe cos(gx
′)][1 + 2αm cos(gx′)]
1− [1 + 2αe cos(gx′)][1 + 2αm cos(gx′)]v2c−2m c−20
dx′. (S204)
The above integrals can be solved analytically in the complex plane.
For the permittivity,
′⊥ =
m0
2pi
∫ 2pi
0
1 + 2αe cos(gx
′)
1− [1 + 2αe cos(gx′)][1 + 2αm cos(gx′)]v2c−2m c−20
d(gx′)
= 2
m0
2pi
∫ +1
−1
1 + 2αey
1− [1 + 2αey][1 + 2αmy]v2c−2m c−20
dy√
1− y2 (S205)
which has poles at
y± =
−(αe + αm)±
√
(αe + αm)2 − 4αeαm(1− v−2c2mc20)
4αeαm
, (S206)
with residues
R+ = −
(1 + 2αey+)v
−2c2mc
2
0
4αeαmy+ + αe + αm
sgn(v − cmc0)√
y2+ − 1
, (S207)
R− = −
(1 + 2αey−)v−2c2mc
2
0
4αeαmy− + αe + αm
1√
y2− − 1
, (S208)
and we have,
′⊥ =
m0
2
[
R+ +R

−
]
. (S209)
Similarly, for the permeability,
µ′⊥ =
µmµ0
2
[
Rµ+ +R
µ
−
]
, (S210)
with,
Rµ+ = −
(1 + 2αmy+)v
−2c2mc
2
0
4αeαmy+ + αe + αm
sgn(v − cmc0)√
y2+ − 1
, (S211)
Rµ− = −
(1 + 2αmy−)v−2c2mc
2
0
4αeαmy− + αe + αm
1√
y2− − 1
. (S212)
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For the magneto-electric coupling,
ξ
′
⊥ =
1
2
[
Rξ+ +R
ξ
−
]
, (S213)
with,
Rξ+ =
1
v
1 + v−2c2mc20
4αeαmy+ + αe + αm
sgn(v − cmc0)√
y2+ − 1
 , (S214)
Rξ− =
1
v
1 + v−2c2mc20
4αeαmy− + αe + αm
1√
y2− − 1
 . (S215)
Finally, these homogenised parameters have to be transformed to the rest frame with Eqs. (24-28) in the main text
(section IA of this S.M.).
B. Results for non-matched systems
Figure S1 is the same as Fig. 3 of the main text but for a non-matched system.
C. Fresnel drag and equivalent moving medium
We start from the effective bianisotropic medium in the rest frame,
 =
 || 0 00  0
0 0 
 ; µ =
 µ|| 0 00 µ 0
0 0 µ
 ; ξ = ζT =
 0 0 00 0 +ξ
0 −ξ 0
 , (S216)
where we have dropped the label eff for conciseness, as well as ⊥ in the perpendicular tensor components.
(a)
(b)
(c)
(d)
FIG. S1. Same as Fig. 2 of the main text but when space-time modulations of  and µ are not matched, with αe = 0.05,
αm = 0.025, and m = µm = 1.
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The bianisotropic medium can be mapped to a medium moving at speed vD with (non-bianisotropic) parameters,
eq =
 eq,|| 0 00 eq 0
0 0 eq
 ; µeq =
 µeq,|| 0 00 µeq 0
0 0 µeq
 . (S217)
From Ref. [R1], in the EH representation the constitutive parameters change as,
 = eq
1− v2D/c20
1− n2eqv2D/c20
= eq
1− v2D/c20
1− eqµeqv2D
, || = eq,||, (S218)
µ = µeq
1− v2D/c20
1− n2eqv2D/c20
= µeq
1− v2D/c20
1− eqµeqv2D
, µ|| = µeq,||, (S219)
ξ = −vD
c20
n2eq − 1
1− n2eqv2D/c20
= −v eqµeq − 1/c
2
0
1− eqµeqv2D
, (S220)
Noticing /µ = eq/µeq, we have,
 = eq
1− v2D/c20
1− 2eqµv2D/
(S221)
ξ = vD
2eqµ/− 1/c20
1− 2eqµv2D/
, (S222)
Solving,
eq =
1 + c20(µ+ ξ
2) +
√
(1− c20 (µ− ξ2))2 − 4c20µ
2c20µ
, (S223)
µeq =
1 + c20(µ− ξ2) +
√
(1− c20 (µ− ξ2))2 − 4c20µ
2c2
, (S224)
vD =
−1 + c20(µ− ξ2)−
√
(1 + c20 (µ− ξ2))2 − 4c20µ
2ξ
. (S225)
Together with the exact effective medium parameters, we can use the above expressions to derive the exact parameters
of the equivalent moving medium. For the matched case, using Eqs. (53-57) from the main text, we have,
eq
0m
=
µeq
µ0µm
=
c0cm
v(Γ− ∓ Γ+) (S226)[
∓1± Γ+ + Γ− + Γ+Γ−
(
−1 + v
2
c20
)
+
√(
Γ2−
(
1− v
2
c20
)
± 2Γ− − 1
)(
Γ2+
(
1− v
2
c20
)
+ 2Γ+ − 1
)]
,
vD =
c20
v(Γ−(2Γ+ − 1)∓ Γ+) (S227)[
∓1± Γ+ + Γ− − Γ+Γ−
(
1 +
v2
c20
)
+
√(
Γ2−
(
1− v
2
c20
)
± 2Γ− − 1
)(
Γ2+
(
1− v
2
c20
)
+ 2Γ+ − 1
)]
,
where the top (bottom) sign corresponds to sub(super)-luminal modulations and with
Γ± =
cmc0√
(1− 4α2)(v ± v+c )(v ± v−c )
. (S228)
On the other hand, we can use the perturbation theory parameters obtained from Floquet-Bloch theory assuming
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three modes only [R2],
|| = m (S229)
µ|| = µm (S230)
 = m
(
1 + α2e
2Ω2
c2mg
2 − Ω2
)
(S231)
µ = µm
(
1 + α2m
2Ω2
c2mg
2 − Ω2
)
(S232)
ξ = αeαm
2gΩ
c2mg
2 − Ω2 , (S233)
Assuming  = µ and keeping terms O(α2), we can write,
eq ≈ m
(
1 + α2
2Ω2
c2mg
2 − Ω2
)
(S234)
vD ≈ −α2 1
c−20 − c−2m
(
2gΩ
c2mg
2 − Ω2
)
(S235)
[R1] J. A. Kong, Electromagnetic Wave Theory (Wiley- Interscience, New York, US, 1986).
[R2] P. A. Huidobro, E. Galiffi, S. Guenneau, R. V. Craster, and J. B. Pendry, Proceedings of the National Academy of
Sciences 116, 24943 (2019).
